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LETTER TO THE EDITOR

Scattering amplitudes for supersymmetric shape-invariant
potentials by operator methods
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Department of Physics, University of Illinois at Chicago, Chicago, 1L 60680, USA

Received 23 February 1988

Abstract. The scattering amplitudes for all currently known supersymmetric shape-invariant
potentials are calculated by analytically continuing the explicit wavefunctions obtained
recently via supersymmetric operator techniques. The procedure is illustrated in detail for
the superpotential W(x)= Atanh ax+ B sech ax, for which the S matrix has not been
previously calculated.

Recently, the familiar harmonic oscillator raising and lowering operator technique has
been generalised to other potentials of physical interest (Gendenshtein 1983, Dutt et
al 1986, 1988). In particular, using the operator technique, bound-state eigenvalues
and eigenfunctions have been obtained for all known shape-invariant potentials. The
purpose of this letter is to obtain analytic expressions for the scattering amplitudes
for shape-invariant potentials. Qur approach is very general and is based on the explicit
wavefunctions obtained recently (Dabrowska et al 1988) via supersymmetric operator
techniques. Scattering amplitudes are calculated by analytically continuing the
wavefunctions so that boundary conditions appropriate to scattering are satisfied. An
alternative method was suggested very recently by Cooper et al (1987). It is rather
elegant but, as we shall discuss below, it suffers from very restricted applicability. We
shall illustrate both approaches by explicitly working out the reflection and transmission
coefficients for the class of potentials

V(x)= A+ (B*~ A’— Aa) sech’ ax+ B(2A+a) sech ax tanh ax (1)

which results from the superpotential W(x)= A tanh ax+ B sech ax. As far as we are
aware, this exactly solvable potential has essentially been overlooked in the literature.
The results for the scattering amplitudes of all currently known shape-invariant poten-
tials are summarised in tables 1 and 2.

In supersymmetric quantum mechanics (Witten 1981, Cooper and Freedman 1983)
the superpotential W(x) determines the two-partner potentials V_(x)=
W?(x)£dW/dx (A=2m=1). When supersymmetry is unbroken, the eigenstates of
V. are related by

E\A=E." E;’=0 Wi AYLT Y < ATy
(2)

where

A=tiww a=ciwe wes S 3)
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Now, in order to have scattering, the potentials V. must be finite either at x = —c© or
at x = +00 or both. Let W(x=+x00)= W,. Then for finite W_, both V. have values
Wzi at x - +00,

Let us consider an incident plane wave ¢'** of energy E coming from x> —0., As
a result of scattering from the potentials V., one obtains transmitted waves T.(k) e'**
and reflected waves R.(k) e '**. In view of (2), one finds that the transmission and
reflection amplitudes for the partner potentials V. are related by

W_+ik W+—ik’>
- = R+ T (k)= i .7 T+ 4
R_(k) (W_—ik> (k) (k) (W_—1k (k) (4)
where k and k' are given by
k=(E—-W2)? k'=(E—-W3)"2 ' (5)

Equation (4) is a fairly straightforward generalisation of a simpler situation when
W2 = W? which was discussed by various people (Sukumar 1986, Akhoury and Comtet
1984). A few remarks are in order. (i) Clearly |R_|*=|R,| and |T_|*=|T.[, i.e. the
partner potentials have identical reflection and transmission probabilities. (ii) R_(T_.)
and R.(T,) have the same poles in the complex k plane except that R_(T_) has an
extra pole at k = —~i W_. This pole is on the positive imaginary axis only if W_<0 (i.e.
if susy is unbroken) in which case it corresponds to a zero-energy bound state. (iii)
In the special case of W, = W_ we have T_(k)= T.(k) while if W_=0 then R_(k)=
a—R. (k). (iv) For the case of three-dimensional central potentials we analogously
find that the scattering matrix S(k’) is given by S_(k') =[(W, —ik")/ (W, +ik')]S. (k")
where W, = W(r- +00), and S(k')=¢"°"*” where §(k') is the phase shift.

The two supersymmetric partner potentials V.(x) are said to be shape invariant if

Va(x, a) = V_(x, @) + C(a) (6)

where a, is a set of parameters and a, = f(a,) is a function of a,. Using (2), (3) and
(6) Gendenshtein (1983) and Dutt et al (1986) have shown that shape-invariant
potentials are analytically solvable, i.e.

n

E =Y Cla) E§’=0 ax = f*(ao) (7)
k=1
U (x, a0) X AT(x, ag) AT (x, a1). . AT (x, .Y (x, a,). (8)
For shape-invariant potentials, the relation between R. and T. takes a particularly
simple form (Cooper et al 1987):

_{ W_(ay) +ik _{ Wi(a,) —ik’
R(ba)=(F- R (ka)  T(ha=(3rD ) (kay. )
Repeating the above step N times gives
NSV W (a,) +ik
R_(k, ao) = nI;IO (W._(a,,)—ik>R~(k’ an) (10)
N Wela,) —ik
T.(k ag)= [T ( W_(a,,)—ik>T”(k’ ax). (11)

For all known shape-invariant potentials it turns out that ay = a,+ Na. Hence
T_(k, ap)(R_(k, a,)) is known for all values of a, provided it is known in some strip,
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say 0= a;< . Unfortunately in most cases it is not that easy to know T or R for a
finite range of parameters a,. Hence this elegant approach has rather limited applica-
bility.

We first present a straightforward approach for calculating scattering amplitudes
by making use of (8), the operator expression for the bound-state wavefunctions. Using
this expression, we have recently been able to obtain nth-state wavefunctions for all
the known shape-invariant potentials (see table 1 of Dabrowska et al (1988)). Now
in order to impose boundary conditions appropriate to the scattering problem, two
modifications of the bound-state wavefunctions have to be made. (i) Instead of the
parameter n labelling the number of nodes, one must use the wavenumber &’ as given
by (5) so that the asymptotic behaviour exp [-x(W3 ~E,)"/?] as x -+ is replaced
by ¥, (ii) The second solution of the Schrédinger equation must be kept—it has
been discarded for bound-state problems since it diverged asymptotically.

To clarify the whole procedure, we now explicitly compute T and R for the class
of potentials given by (1). The energy eigenstates are (Dabrowska et al 1988)

E,=a’[§*—(S-n)?] (12a)
T(n+il —S+3)

= (1412752 _ -1
b= (14 )" exp(- tan™ y) S e

1+i
xF(—n,n—ZS,iA—S+%; -—%) (12b)

where S=A/a, A = B/a, y =sinh ax. On replacing n by S+ik/a we then obtain the
following two independent scattering solutions:

ik ik 1+i
Fy=(1+y%)°%?exp(—A tan™ y)F(—S—l— , =S+ iA—S+1, zly) (13a)
a o
F,=(1+y%) " exp(-A tan™' y)
T+iy) 2+ ik ik 1+i
x( 'y) F(%—iA—L,%—iA+L,%+S—iA; 1y>. (13b)
2 a @ 2
Now it is well known that if the asymptotic behaviour of F,, is given by
lim Fi(x)=a. e +b.e™  (i=1,2) (14)
then (for example, see ter Haar 1975)
T___‘12+b1+‘a1+bz+ =b1+b2—_b1—b2+ . (15)
a_b;.—a,_b,, a,_by,—a, by,

By using standard identities of hypergeometric functions we can now extract the
asymptotic behaviour of F; and F, and hence the coefficients a;., b;,.. We find

a,.=D, exp[z(k—)\ -—iS)] ~S—-Q2ik/a) b,.= exp[<—£+)\ +iS)]
2\a 2 @ ay+
(16a)

k
b =C, exp[g(—-;—)\ —iS)] - S+ (2ik/a) a1_=exp|:7r(-§+A +iS>]
2

by

(16b)
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k
a,.=iD, exp[%(—;%—)\ +iS):| —-S—-(Qik/ @) b,_= —exp[w<§+)\ +iS>]
2 az+

(16c¢)
b2+=iCZexp|:7—T<—£+)\+iS>] - S+(2ik/a) a2_=—-exp[7r<—lg—/\—i5>]
2 o 5 o bas
(16d)
where
o T(ix — S+ )T (=2ik/a)
' T[-S - (ik/ a)T[ir + 1= (ik/ )]
D - T(ir - S+)I(2ik/ ) (17a)
' T[-8+(ik/ a)T[iA +1+ (ik/ )]
.o FG+S—iMI(=2ik/a)
> T[A—ir —(ik/ )1+ S — (ik/a)] 176
D, LG+ S —iMT(=2ik/a)

TTE—iA + (ik/a)T[1+ S+ (ik/a)]

On using (16) and (17) in (15) and after a considerable amount of algebraic
simplification we obtain

I[-S - (ik/a)]T[14+ S —(ik/a)IT[3+ir — (ik/@)IT[3 —iA — (ik/a)]

T(k =
(k. S, 4) I'(=ik/a)T[1+ (ik/a)T[3 - (ik/ a)]
(18a)
R(k, S, A)=T(k, S, A)(cos 7S sinh 7wA sech 7wk/a +isin 7S cosh wA cosech wk/a).
(18b)

As a check we indeed verify that |R|*+|T|°=1. Further, we find that the poles of
T(R) on the positive imaginary k axis are indeed at k/a =i(s—n) and correspond to
the correct bound-state energies. Finally, we find that T(R) have resonance poles at
k/o==+A—(n+dHi

Proceeding in the same way we have calculated the scattering amplitude for all
known shape-invariant potentials. Our results are summarised in tables 1 and 2, where
we have given the superpotential W(x), potential V_(x) and reflection and transmission
coefficients (or scattering matrix for three-dimensional problems). It is worthwhile
pointing out that a special case of the symmetric Rosen-Morse potential is the
§-function potential in the limit o » o with A held fixed. In that case T and R of
table 1 reduce to T=ik/(ik+A), R=A/(ik+ A) (Flugge 1971). Similarly the limit
a - for the asymmetric Rosen-Morse potential gives well known results for R and
T corresponding to a step potential.

Before finishing this letter we would like to shed some light on the elegant but
restricive approach of calculating T and R as given by (9)-(11). In particular, we
show that T and R for the potentials of (1) can be obtained in this approach only by
exploiting the symmetry of the potential. Since W. = £Se, (10) and (11) can be written
in the form

’ T(ks SaA) T(k,S—n,)\)

T EF[S-—(ik/a)+1]F[—S—(ik/a)] =F[S—n —(ik/a)+1I[-S+n—(ik/a)]
(19a)
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_ R(k, S, A) _Cay Rk, S—n, 1)
T T[S - (ik/a)+1T[-S - (ik/a)] T[S —n—(ik/a)+1]T[-S+n—(ik/a)]’
(19b)

RI

From here it is clear that the most general form for T and R is given by

T(k, S, A)
T[S — (ik/ @)+ 1JTT=S - (ik/@)]
=f O 1)+ Y (K, A) sin 2naS+Y. £ (k, A) cos 2n7S (19¢)
R(k, S, A)
[[S—(ik/a)+1]T[-S - (ik/ a)]
=Y gk A)sinn+1)7S+Y g (k, A) cos(2n+ 1) 7S (19d)
where n=+1,+2, +3,.... Note that the g'”(k, A) term in R'(k, S, A) is absent since

R'(k,S,A)y=—R'(k,S—1, A) while g(k, A) is independent of S! Similar expressions
can also be written down for other shape-invariant potentials but it is hard to proceed
further and obtain £ and g in most cases without having recourse to perturbation
theory.

We now make use of the fact that the potentials of (1) (apart from the constant
A?) are invariant under the transformation (A= Sa, B = Aa)

S 8'=~4-iA and A=>A'=i(G+S) (20)

so that

{;}(k, S,A)={;}(k, —3—iA,31+iS). (21)

This condition uniquely fixes the A dependence of £ and g'” and we obtain

T(k S, A)
I[[S+1-(ik/a)IT[-S - (ik/a)IT[3 - (ik/a) —iA T3 - (ik/a) +iA]

=fO%k)+Y, £ (k) cosh 27rnA cos 27S
+3 f(k) sinh 27nA sin 27S (22a)

R(k, S, 1)
T[S+1-(ik/a)]T[~S - (ik/a)]T[3— (ik/ @) —iAI[3 — (ik/a) +iA]

=Y g'"(k) sin(2n +1)=S cosh(2n +1)mA
=Y g'?(k) cos(2n+1)7S sinh(2n+1)7A. (22b)

Now we also know that for A =0, the potential reduces to symmetric Rosen-Morse
potential for which T and R are well known, i.e.
I[S+1~(ik/a)]T[-S - (ik/a)]
D(—ik/a)[1~(ik/a)]

T(k, S,0)=
(23)
isin wS

=Tk S§,0)———.
R(k, S,0) (”O)Sinhwk/a
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Hence we have from (22) and (23)

@ _ Ok) = 1
W =0 SU(k) F2[%_(ik/a)][‘(—ik/a)r[l—(ik/a)] (24a)

(2) i
8= O b (mk/ )T — (/) TD(—ik/ @)TT1 = (k/ )]

Finally, notice that as A - —A, the potential (1) merely gets reflected and hence
T(k, S,A)=T(k, S, —A). This is turn implies that f\" = 0 so that one obtains T(k, S, A)
as given by (18a). Using (18a), (22b) and (24b) and the fact that |T]*+|R[*=1 one
then finds that

(24b)

1
"' cosh(mk/a)T[3—(ik/ )]l (~ik/a)T[1 - (ik/a)]

so that one also obtains the correct expression for R(k, S, A) as given by (18b).

gl =48 (25)
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